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REJECTION METHODS FOR SAMPLING
FROM THE NORMAL DISTRIBUTION

Pandu R. . Tadikamall:a*
Mark E. Johnson#**

ABSTRACT

A general rejection method is prescented which can be
applied to penerate random varlates from any contlnucus
probabilicy distilbution. This general methed is used to

derive three algorithms for generating normal random
varlates.

l. Introduction

Over thec past twenty veors, Monte Carlo simulatlon methods have beon
Increasingly emploved to solve diverse problems in the enpgineering,
management and phvsical selences.  This popularity 18 in part attribul-
able to the method's relative simplicity compared to analvtical tech-
rigues. Morcover, Monte Carlo simulation methods can be used to investi-
gatce numerovs variants of the oripinal model without the corresponding
experinental custs. The case with which the investipator exercises his
model ir related to the efficivncy of generating varlates or sample data
from his assmmed stochastic model.

One of the most widely used components in stochastic madels is the
normal probability distribution. HNHence, it is desirable to have a con-
vonlene method for sampling from this distribution. Amony the more suc-
cesnful alxorithms developed for penerating normal variates include
(1) the Box-Muller transformation [3], (2) Marsapll..'s fast procedure
[61, (3) the trapezeidal method given by Ahrens and Dieter [1, 2], and
(4) the compesitlon method of Kinderman and Ramace [5]. These methads
vary considerally in complexity and operating performance. The casiest
procedurce to implement but the slowest to exccute {s the Box-Muller
transformation methed. Couverselv, Marsaglia's procedure is exceedingly
fast but requires considerable core storage. In thia paper three addi-
tional methads are derived for gencerating normal variates. In Scction 2
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the general rejection method which is the basis of these alporithms is
derived. The three new methods are presented in Section 3,

2. A General Rejection Methad

In this section we propose a general rejection nethod which extends
Von Neumann's original rejection method [8]. Let f(x) be the probability
density function (pdf) with support 2} from which variates are to be goen-
erated. Let h{x:2) be another pdf (vhere 2 is a "fred" paramctoer to be
determined) satisfying f(x) = & h(x;"), for all x & 2 and w « 1, The
general rejection method is as foliows:

1. Generate a random variate x from h(x;?).
2. Generate a uniferm (0,1) random varlate v.

3. 1f u < T(x) = F(x)/oh(x;?), accept X = x as a random variate
from f(x). Otherwisc, return to 1.

In the above [rocedure, 1/0 is designated the efficlency of the rejection
method. A justification far thls procedure has buen givea by one of the

authors [4] and is summarized bel.w,

Uning Bayes' Theosem, we have

) I 4 . X: ’ X a x Wi :r.
P[X = x | U= F(x)/ah(x;7)] = Fall _I-(%}_{Tll(\(\;/’th‘((\;} h(x:")

We can directly compute the followlng:
PlU <.f(x))ah(x;ﬂ) | X = x] = £(x)/an(x;0).
P[U < f(x)/ah(x;9)] -fp[u < f(x)/vh(x;6)] * hi{x;9)dx
nfr(x;/a dx
= 1/a.
Substituting yields
PIX = x | Us f(x)/ah(x;0)] = (f(x)/ah(x;08)} * h(x;0)/(1/a)
= f(x) .

The selection of h(x;0) governs the cventual success of the rejec-
tion method. The following criteria should be used in selecting hix;0):

1. The algoritim used for generating random variates {rom h(x;")
must be efficient.



2. The efficiuncy of the procedure (i = 1//4) must be large, which
occurs 11 1. Is close to 1 o equivalencly, If h(x;%) s similar
in shape to f(x).

The parameter 2 is corputed to naximi: e the efficiency. Define L(%) =

max £{x)/L(x;), and determine - = 9% for which L(2) attains a mininun.
xi. !

The optiruil eificiency is 1/a% = 1/L("*). 1In the next section we illus-
trate this computation for the normal denslety { and three "sindlar”
densitles hix:™).

3. Generating Standard Normal Variates

The standard nornal pdf is given by
£(x) » (1//39) + exp(-x2/2), - o < x < o, (3.1

In this section three methads for sampling frem (2.1) are given. The
methods are based on the general rejection method presented in Section 2
but using diffirent choices of hi{x;). The proposed methods are pre-
sented o alger{thoic form below., A uniform (0,1) genvraror is assumed
to be available

3.1 Mcthod 1:  Exponential

Since the standard normal distrihutioq is svmmetrical about cere,
we can consider the Jdfstribution of ¥ = X, having pdf

g(y) '=\/72/‘r * oxp (-,\'2/2). v >~ 0. (3.2

After obtaining samples from (3.2), a sign (+ or =) 1s randomly assigned
to cach sample to obtain normal variates.

To abtain samples from (3.2), the exponenticl density piven by
h(x;0) = —:, exp (-x/9), x, 0>0,
is cmployed.  For this cholce of h, 0% can be computed directly. First

L(0) = max \/?_./—;I- 0 exp (x/0 - x2/2).
xef '

The right hand side is maximized for x = 1/0, so that
L(0) = VQ/H 0 cxp (1/202), Next, the problem min L(V) = min
_ n 0>0 0>0
Jﬁ?ﬂ 0 exp (1/207) fs solved, yielding 0% = 1, Morcover, the optimal
ef ficioncy 1s 1/ak = 0,7605 and T(x) = exp (-x" + x - 0.5). The result-
Ing alporithm 18 as follows:



1. Generate an exponential varfate z from a uniform varlate u vla
z = =nu).

2. Generate a uniform variate v. Yf v > T(z), reject z and return
to Step 1.

3. Jenerate a uniform variate w. 1f w = 0.5, accept the variate
X = -z,

4. Accept the variate x = 2z,
The compu:ational efficiivney (CPU time) of the procedure can be improved
by generating the exponential variate in Step 1 by faster but more com-
plex methods [1,7].
3.2 Mcthod 2: Logistic

In this case the distribution of intereat is the standard normal den-
sity (3.1), and h(x;3) 1i¢ the logistic pdf:

h(x;8) = expx/D) <<
0« [1 + exp(~x/D)]

It can be shown numerically thath* = 0.629657, 1/:4% = 0.9196, and
T(x) = 0.25 [1 + exp(-1.5957 x)]< * exp(-x-/2 + 1.5957 x).

The resulting algorithm is as follows:

1. Generzte a logistic varilate z from a uniform variate u via
z = -0.626657 in(l/u - 1).

2. Gencrate a uniform variate v. Tf v > T(z), reject z and return
tn Step 1.

3. Accept x = 2,
The optimal efficiency of this algcrithm 1is improved over the previous
method. However, the evaluation of the function T 1s more tedious.
Simple upper and lower bounds (perhaps linear functions) for T could
further improve this method.
3.3 Method 3: Cauchy
Finally, the Cauchy pdf 1s considcred:

-1 -1
o) = (17 (1 + W), cecxcm

It 18 ensy to verify that 0% = 1, 1/ak = 0,6578, and T(x)
= 0.82436 (1 + x2) uxp(-xZIZ). The corresponding algorithm is as follown:



1. Generate a Cauchy variate z {rom a unifo:m variate u via
z = tan "(u - 0.5).

2. Generate a uniform variate vo If v > T(2), rejcet z and return
to Step 1.

3. Accoept x =z,

The cemputational efficiency of this procedove can be {aproved. The
probabllity that the absolute value of a standare normal variate, X, ,
will be greater then 4.0 is only 0.000064., 71 ¢ can neglect Lhis proba-
Fility, which inplics we are sampling from the rouncated normal distri-
bution with densitvy

1

— exp(-LZIZ), -4.0=< x = 4.0,
V21 (0.999936)

f(x) =

we can add the followiny step to the above algorithm:

0: Generate a uniform random varlate v and set u = 0.834 v + 0.078.

Summary

A guencral rejection mothod has been prescented which can be used to
The method was used to derive three alporithms for peaerating nornal
variates.  These algorithms are based upon meximizine the officicney
with respect to the paramcters in the exponential, logistice and Cauchy
distributions, respectively.
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